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Bulk scalar emission from a rotating black hole pierced by a tense brane
Tsutomu Kobayashi,∗ Masato Nozawa,† and Yu-ichi Takamizu‡
Department of Physics, Waseda University, Okubo 3-4-1, Shinjuku, Tokyo 169-8555, Japan
We study the emission of scalar fields into the bulk from a six-dimensional rotating black hole
pierced by a 3-brane. We determine the angular eigenvalues in the presence of finite brane tension
by using the continued fraction method. The radial equation is integrated numerically, giving
the absorption probability (graybody factor) in a wider frequency range than in the preexisting
literature. We then compute the power and angular momentum emission spectra for different values
of the rotation parameter and brane tension, and compare their relative behavior in detail. As is
expected from the earlier result for a nonrotating black hole, the finite brane tension suppresses
the emission rates. As the rotation parameter increases, the power spectra are reduced at low
frequencies due to the smaller Hawking temperature and are enhanced at high frequencies due to
superradiance. The angular momentum spectra are enhanced over the whole frequency range as
the rotation parameter increases. The spectra and the amounts of energy and angular momentum
radiated away into the bulk are thus determined by the interplay of these effects.
PACS numbers: 04.50.-h, 04.70.Dy
I. INTRODUCTION
Braneworldmodels with large extra dimensions [1, 2, 3]
bring us an interesting possibility to address the hierar-
chy problem by lowering the fundamental scale of gravity
down to order of TeV. It has been argued in the con-
text of TeV scale gravity that mini black holes might be
created through high-energy particle collision at future
colliders [4]. Much effort has been directed towards a
theoretical understanding of the black hole formation at
TeV energies (e.g., [5]). After their production, the black
holes will decay via Hawking radiation [6]. This process
provides a window to probe high-energy physics, gravity
at small distances, and properties of extra dimensions,
which motivates recent extensive studies on this topic. A
nonexhaustive sampling of the literature can be found in
Refs. [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21,
22, 23, 24, 25, 26, 27]. For a review see Ref. [28]. Most of
the related work to date has ignored the effect of brane
tension, treating black holes as “isolated” ones (see, how-
ever, Refs. [29, 30, 31, 32] for the effects of self-gravity of
branes).
It is in general very difficult to obtain a black hole
solution localized on a brane with finite tension be-
cause tension curves the brane as well as the bulk (cf.
Refs. [33, 34, 35, 36]). However, codimension-2 branes
exceptionally allow for a simple construction of local-
ized black holes thanks to their special property; start-
ing from the Myers-Perry solution [37] one rescales the
polar angle around a symmetry axis as ψ → Bψ and
then the brane tension is proportional to the deficit an-
gle 2π(1 − B). In this way both nonrotating [38] and
rotating [39] black holes on codimension-2 branes have
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been constructed. Following the work of [38], Hawking
evaporation [40] and the quasi-normal modes for bulk
scalars [41, 42] and fermions [43] have been investigated
in the nonrotating background, showing that the finite
brane tension modifies the standard result derived as-
suming negligible tension.
In this paper, we shall consider a six-dimensional ro-
tating black hole pierced by a tense 3-brane and discuss
the emission of massless scalar fields into the bulk. We
intend to shed light on the spin-down phase in the life
of a black hole, which is often neglected in the literature
but could be of some significance. (In fact, a rotating
black hole does not necessarily spin-down to zero, but
evolves toward a nonzero angular momentum [44, 45].)
Ignoring the brane tension, very recently Creek et al.
studied the emission of scalars in the bulk in a higher-
dimensional rotating black hole background [25]. They
employed matching techniques to obtain an analytic solu-
tion to the scalar field equation, which is a good approx-
imation in the low-energy (ωrh ≪ 1) and slow-rotation
(a/rh ≪ 1) regime, where ω is the energy of the emitted
particle, rh is the black hole horizon radius, and a is the
rotation parameter. In the present paper, with the help
of numerical computations we are able to handle the in-
termediate regime (ωrh & 1 and a/rh & 1), and thus we
not only include the effect of the finite tension but also
extend the range of validity of [25].
This paper is organized as follows. In the next section
we give a quick review of the rotating black hole solu-
tion on a codimension-2 brane. In Sec. III we present
separated equations of motion for a massless scalar field
and determine angular eigenvalues in the presence of the
deficit angle. Then in Sec. IV the radial equation is solved
numerically to give the power and angular momentum
emission spectra. Finally we summarize our conclusions
in Sec. V. Appendix contains the analytic calculation of
the absorption probability, which complements the nu-
merical results presented in the main text.
2II. A ROTATING BLACK HOLE ON A
CODIMENSION TWO BRANE
We begin with a brief review of the rotating black hole
solution on a codimension-2 brane. (For further detail
see Refs. [38, 39].) The solution shares some properties
with the Myers-Perry black hole [37]. We are considering
the models with five spatial dimensions, and so the rota-
tion group is SO(5). The number of Casimirs (i.e., the
number of mutually commuting elements of the group) is
equal to rank[SO(5)] = 2. Hence, we have two axes of ro-
tation associated with two angular momenta. However,
in the present article we will be focusing on the special
but simple case of a single rotation parameter with the
angular momentum pointing along the brane. This is in-
deed an interesting case from the phenomenological point
of view, because the black hole formed by the collision of
two particles confined to the brane will have a single ro-
tation parameter. The exact metric that describes such
a rotating black hole is given by [39]
ds2 =−
(
1− µˆ
rρ2
)
dt2 − 2µˆa
rρ2
sin2 θdtdφ+
ρ2
∆
dr2
+ ρ2dθ2 + sin2 θ
(
r2 + a2 +
µˆa2
rρ2
sin2 θ
)
dφ2
+ r2 cos2 θ
(
dχ2 +B2 sin2 χdψ2
)
, (1)
where
∆ := r2 + a2 − µˆ
r
, ρ2 := r2 + a2 cos2 θ. (2)
The coordinate ranges are 0 ≤ θ ≤ π/2, 0 ≤ χ ≤ π, and
0 ≤ φ, ψ < 2π. The parameter B is related to the brane
tension σ as
B = 1− σ
2πM4∗
, (3)
where M∗ is the six-dimensional fundamental scale. We
assume that 0 < B ≤ 1. When B = 1, the above metric
reduces to the usual Myers-Perry solution with a single
rotation parameter in six dimensions [37]. When B 6= 1
the solution is asymptotically conical. The parameters
µˆ (> 0) and a denote the specific mass and angular mo-
mentum, respectively, related to the ADM mass and an-
gular momentum of the black hole as
MBH = 2A4M
4
∗ µˆ B, JBH =
1
2
MBHa, (4)
where Ad = 2π
(d+1)/2/Γ[(d + 1)/2] is the area of a unit
d-sphere. Note here that the effect of the deficit angle
B is separated out from the definition of the area. The
black hole horizon radius rh follows from ∆(rh) = 0. For
later purpose it is convenient to define the dimensionless
measure of the angular momentum a∗ := a/rh. Since the
sign flip a→ −a simply changes the direction of rotation,
in what follows we will assume a ≥ 0 without any loss of
generality.
Note that ∆(rh) = 0 has a root for arbitrary a.
This should be contrasted with the four-dimensional Kerr
black hole, which has an upper bound on the rotation
parameter. This point will become clearer by consider-
ing the black hole temperature. The generator of the
horizon is parallel to the Killing vector ξµ = (∂/∂t)µ +
Ωh(∂/∂φ)
µ, and the surface gravity of the black hole is
given by κ2 = −(∇µξν)(∇µξν)/2. Here Ωh is the angular
velocity of the horizon:
Ωh :=
a
r2h + a
2
. (5)
Then, the Hawking temperature is given by [6]
TH :=
κ
2π
=
3 + a2∗
4π(1 + a2∗)rh
, (6)
and one sees that the temperature never attains zero.
This means the black hole is manifestly nondegenerate
for any value of a.
An interesting effect of the brane tension perhaps one
is immediately aware of is the rescaling of the gravita-
tional scale M∗ → M∗eff = B1/4M∗, as is observed in
Eq. (4). This modifies the scenario of the black hole pro-
duction and evaporation as follows [38, 39, 40]. Suppose
that a black hole is formed through a particle collision
and its mass MBH is fixed by the accelerator. The up-
per limit on the impact parameter b is given by b ≤ 2rh.
Since rh ∼M1/3BH /M4/3∗eff , for fixedMBH the horizon radius
is larger than the naive estimate, rh ∼ B−1/3, which is
called the “lightning rod” effect [38, 39]. In the present
situation producing black holes will become easier due
to this effect. Since the black hole formed in this way
has the angular momentum J = bMBH/2, we have J ≤
Jmax :=MBHrh, and so the angular momentum can also
be larger than naively expected, Jmax ∼ B−1/3. Now the
time scale τ of mass loss is estimated from dMBH/dt ∼
(horizon area)×T 6H ∼ Br−2h , yielding τ ∼ B−5/3. Thus
the lifetime of the black hole will become longer. Simi-
larly, the time scale τ ′ of angular momentum loss is esti-
mated roughly from dJBH/dt ∼ rhdMBH/dt. This gives
τ ′ ∼ B−5/3, and hence the time scale τ ′ will also become
larger.
The above mentioned modifications are caused by the
rescaling of the gravitational scale. In the rest of the
paper we separate this effect and discuss the impact of
finite brane tension on Hawking emission with the horizon
radius rh fixed.
Let us finally remark that in models with extra di-
mensions the bulk will be compact. Throughout the pa-
per we assume that the horizon size of the black hole
is smaller than the typical compactification scale. With
this, the above solution provides a nice description of a
six-dimensional black hole localized on a 3-brane.
3III. SCALAR WAVE EQUATION IN A
ROTATING BLACK HOLE BACKGROUND
We now turn to discuss Hawking emission of massless
scalar fields. To this end we solve the equation of motion
for a massless scalar field Ψ in the rotating black hole
background (1). The governing equation is given by
1√−g∂µ
(√−g gµν∂νΨ) = 0, (7)
where
√−g = Bρ2r2 sin θ cos2 θ sinχ. We can separate
the above equation by assuming the ansatz
Ψ = e−iωteimφR(r)S(θ)T (χ)Ξ(ψ), (8)
where m = 0,±1,±2, ... The radial equation is
1
r2
d
dr
(
r2∆
d
dr
R
)
+
[
K2
∆
− ν(ν + 1)a
2
r2
− λ
]
R = 0, (9)
where
K := (r2 + a2)ω − am, λ := η + a2ω2 − 2amω, (10)
and the angular equations are given by
1
sin θ cos2 θ
d
dθ
(
sin θ cos2 θ
d
dθ
S
)
+
[
a2ω2 cos2 θ − m
2
sin2 θ
− ν(ν + 1)
cos2 θ
]
S = −ηS, (11)
1
sinχ
d
dχ
(
sinχ
d
dχ
T
)
− µ
2
sin2 χ
T = −ν(ν + 1)T, (12)
1
B2
d2
dψ2
Ξ = −µ2Ξ. (13)
Here η, ν, and µ are separation constants. The above
equations of motion are the same as those derived in
Ref. [16] except that in the last equation (13) there ap-
pears “B.” We immediately see that
µ =
n
B
with n = 0,±1,±2, ... (14)
As is emphasized in Ref. [40], the eigenvalues are cou-
pled and therefore all of the eigenvalues will be modified
when B 6= 1. Since the eigenvalues ν and η will be depen-
dent on |n|, we can restrict to n ≥ 0 without any loss of
generality. Negative values of n can be treated similarly.
We proceed to determine the eigenvalue ν. Performing
the change of the variable and function as x = cosχ,
T := (1− x2)−µ/2T , we have
(1− x2) d
2
dx2
T − 2 (µ+ 1)x d
dx
T
+(ν − µ)(ν + µ+ 1)T = 0. (15)
The boundary conditions are given by
d
dx
T = ± (ν − µ)(ν + µ+ 1)
2(µ+ 1)
T at x = ±1. (16)
FIG. 1: Eigenvalue η for selected values of (j, ℓ,m,n) and
B. Solid and dashed lines refer to the series expansion (28)
truncated at 7th order, while points and crosses show the
numerical results without relying on the small-aω expansion.
As in [42], we first consider the special case in which
B = 1/N with N = 1, 2, ... and hence µ = nN is an
integer. In this case it is easy to find ν = µ, µ + 1, µ +
2, ... Thus the eigenvalue ν can be written in terms of an
integer j as
ν = j + bn, bn :=
1−B
B
|n|, (17)
where j ≥ |n| and the absolute value signs are inserted
for clarity. Although Eq. (17) was derived for B−1 =
1, 2, ..., this result can be generalized to arbitrary B ∈
(0, 1] [42]. We have confirmed numerically that Eq. (17)
indeed holds for noninteger values of B−1.
When B = 1, ν is independent of n (and as a result η is
also independent of n). For the tensional case, however,
ν depends on n (and hence does η). From Eq. (17) we see
that the brane tension increases the eigenvalue ν relative
to the tensionless case.
To determine the eigenvalue η, we exploit the contin-
ued fraction method developed originally by Leaver [46].
Following [47], we write S = (1 − u2)|m|/2uνS with
u = cos θ. Then, S obeys
(1− u2) d
2
du2
S + 2
[
(ν + 1)
1− u2
u
− (|m|+ 1)u
]
d
du
S
+
[
a2ω2u2 + η − ν(ν + 3)− |m|(|m|+ 2ν + 3)]S = 0,
(18)
subject to the regularity boundary conditions
d
du
S = 0 at u = 0, (19)
d
du
S = a
2ω2 + η − ν(ν + 3)− |m|(|m|+ 2ν + 3)
|m|+ 1 S
at u = 1. (20)
We seek for a series solution in the form of
S =
∞∑
p=0
apu
2p. (21)
4Substituting this to Eq. (18) we obtain the three-term
recursion relation
α0a1 + β0a0 = 0, (22)
αpap+1 + βpap + γpap−1 = 0, p = 1, 2, ..., (23)
where
αp := 2(p+ 1)(2ν + 2p+ 3), (24)
βp := η − (ν + |m|+ 2p)(ν + |m|+ 2p+ 3), (25)
γp := (aω)
2. (26)
The continued fraction equation for the eigenvalue is then
given by
β0 −
α0γ1
β1 −
α1γ2
β2 −
α2γ3
β3 − · · ·
= 0. (27)
The boundary conditions are automatically satisfied by
the series solution (21).
We expand the eigenvalue η in powers of aω around
aω = 0:
η =
∞∑
p=0
η˜p(aω)
p. (28)
In order for the series to converge in the limit aω → 0,
we require that it has a finite number of terms. Imposing
βq = 0 for some integer q ≥ 0 and identifying 2q =
ℓ− (j + |m|), we obtain
η = (ℓ+ bn)(ℓ+ 3 + bn) (29)
for aω = 0. Here we have a restriction for the integer ℓ:
1
2
(ℓ − j − |m|) = 0, 1, 2, ... (30)
To determine the coefficients in (28) it is convenient to
use the qth inversion of (27):
βq −
αq−1γq
βq−1 −
αq−2γq−1
βq−2 − · · ·
=
αqγq+1
βq+1 −
αq+1γq+2
βq+2 − · · ·
. (31)
With some manipulation we find η˜1 = η˜3 = 0 and
η˜0 = (ℓ+ bn)(ℓ + 3 + bn), (32)
η˜2 = −2ℓ(ℓ+ 3) + 3 + 2j + 2j
2 − 2m2 + 4(ℓ+ j + 2)bn + 4b2n
[2(ℓ+ bn) + 1][2(ℓ+ bn) + 5]
, (33)
η˜4 =
(ℓ− j − |m|)(ℓ+ j − |m|+ 1 + 2bn)
4[2(ℓ+ bn) + 1]2
[
(ℓ− j − |m| − 2)(ℓ+ j − |m| − 1 + 2bn)
4[2(ℓ+ bn)− 1] − η˜2
]
− (ℓ− j − |m|+ 2)(ℓ+ j − |m|+ 3 + 2bn)
4[2(ℓ+ bn) + 5]2
[
(ℓ− j − |m|+ 4)(j + ℓ− |m|+ 5 + 2bn)
4[2(ℓ+ bn) + 7]
+ η˜2
]
. (34)
One can confirm that Eqs. (32)–(34) correctly reproduce
the known result in the case of bn = 0 [25, 47].
1 Although
the expressions are too lengthy, higher order coefficients
can be obtained easily.
One can instead integrate Eq. (11) numerically to de-
termine η. The numerical computation has an advan-
tage that it does not rely on the small-aω expansion.
In Fig. 1 we compare the series expansion truncated at
7th order with the numerical result that is free from any
approximation. It can be seen from this that the an-
alytic result can reproduce the numerical computation
1 The second order coefficient in [47] contains a sign error, which
has been corrected in [25].
remarkably well even for aω ∼ 6. Therefore, in the next
section we will safely use the analytic approximation for
η. We thus avoid numerical determination of the eigen-
values and so the rest of the problem simply reduces to
solving the ordinary differential equation for the radial
mode function.
We remark here that while the brane tension does not
affect the n = 0 mode, the eigenvalue η (for n 6= 0)
increases as B decreases (and so the tension increases), as
can be seen from Fig. 1. This behavior has been observed
for a nonrotating black hole in [40], and now it turns out
that the similar thing generally holds for a rotating one.
5IV. POWER AND ANGULAR MOMENTUM
EMISSION SPECTRA
We are going to solve the radial equation (9) to com-
pute the emission spectra. To do so we first specify
the asymptotic form of the solution close to the hori-
zon and far away from it. In terms of the new coordi-
nate defined by dr∗ := [(r
2 + a2)/∆]dr and the function
Φ := r(r2 + a2)1/2R, Eq. (9) can be rewritten as
d2
dr2∗
Φ+
{
[ω −mΩ(r)]2 − V (r)}Φ = 0. (35)
where Ω(r) := a/(r2 + a2) and
V (r) :=
∆
(r2 + a2)2
[
λ+ ν(ν + 1)
a2
r2
]
+
1
r(r2 + a2)1/2
d2
dr2∗
[
r(r2 + a2)1/2
]
. (36)
It is easy to see that V (r) ≈ 0 as r → rh and r → ∞.
Keeping this in mind the asymptotic solutions are found
to be
r → rh : R ≃ A(h)in e−iky +A(h)outeiky , (37)
r →∞ : R ≃ A(∞)in
e−iωr
r2
+A
(∞)
out
eiωr
r2
, (38)
where
k := ω −mΩh, (39)
and y is the tortoise-like coordinate defined by
y :=
1 + a2∗
3 + a2∗
rh ln
[
∆(r)
r2 + a2
]
. (40)
We choose the boundary condition A
(h)
out = 0, i.e., we
impose that no outgoing modes exist near the horizon.
The absorption probability is then given by
|Ajℓmn|2 = 1−
∣∣∣∣∣A
(∞)
out
A
(∞)
in
∣∣∣∣∣
2
. (41)
FIG. 2: Absorption probabilities for (j, ℓ,m, n) = (1, 1, 0, 1),
B = 1, 0.4, and various a∗.
FIG. 3: Superradiance modes for a∗ = 1.2 and 0.6. The
absorption probabilities are negative for ω∗ < mΩhrh, where
Ωhrh ≃ 0.49 for a∗ = 1.2 and Ωhrh ≃ 0.44 for a∗ = 0.6.
FIG. 4: Power emission spectra for different values of a∗ and
B.
Note the explicit dependence on the angular eigenvalue n
of the absorption probability. This is due to the nonzero
brane tension (B 6= 1).
Using the series expansion of the eigenvalue η (trun-
cated at 7th order), we numerically integrate Eq. (9) and
compute the absorption probability. We defer to Ap-
pendix the analytic calculation of the absorption prob-
ability in the limit ω∗ := ωrh ≪ 1 and a∗ ≪ 1. The
analytic and numerical results are found to be in good
agreement in the regime ω∗ ≪ 1 and a∗ ≪ 1.
As was remarked above, both η and ν become larger
as the brane tension increases. This results in the en-
hancement of the “potential” (36), which will reduce the
absorption probability. A typical example of the absorp-
tion probability (as a function of ω∗) is plotted for var-
ious a∗ and B in Fig. 2, showing that the absorption
probability indeed decreases with decreasing B. We can
see in Fig. 3 that there appear superradiant modes with
0 < ω < mΩh, for which the absorption probability is
negative [48].
From the absorption probability we compute the en-
ergy and angular momentum emission rates. They are
6FIG. 5: Angular momentum spectra for different values of a∗
and B.
given by the formulas
d2E
dtdω
=
1
2π
∑
j,ℓ,m,n
ω
ek/TH − 1 |Ajℓmn|
2
, (42)
d2J
dtdω
=
1
2π
∑
j,ℓ,m,n
m
ek/TH − 1 |Ajℓmn|
2
, (43)
where TH and k were already defined in Eqs. (6) and (39),
respectively. We summed up to ℓ = 5 modes in calcu-
lating the above quantities. Our numerical results are
summarized in Figs. 4 and 5.
We find that the finite brane tension reduces the power
and angular momentum emission spectra. This is an-
ticipated from the behavior of the absorption proba-
bility stated above. The power emission rates are re-
duced in the low frequency regime as the rotation pa-
rameter a∗ increases. This is because the Hawking tem-
perature becomes lower with increasing a∗. However,
the power emission rates are enhanced at high frequen-
cies. This should be caused by superradiance. The an-
gular momentum emission rates are enhanced over the
whole frequency range with increasing a∗ because the
effects of superradiance win out. (In the previous esti-
mates [44, 45, 49] significant superradiance is observed
as the angular momentum increases.) One can see from
Fig. 6 that a large portion of the contribution to the
power emission spectrum is coming from the ℓ = m
modes, which show the superradiant behavior (except
for ℓ = m = 0). We confirmed that the same is true
for the angular momentum spectrum. As a∗ increases
the amplitudes of these modes are enhanced, lifting up
the total spectra. One can also see that the oscillatory
behavior of the spectra is due to these modes, with each
peak corresponding to each mode. However, the above
things do not mean that only the ℓ = m modes are im-
portant in determining the behavior of the spectra; the
eigenvalues for the ℓ = m modes are independent of the
conical deficit and the other modes (|n| ≥ 1) determine
the decrease in the spectra with decreasing B.
FIG. 6: Contributions from ℓ = m modes. Red (solid) line
shows the total power emission spectrum depicted also in
Fig. 4, while green (solid) line represents the sum of ℓ = m
modes, each of which is shown by blue (dashed) line.
Since the brane induced metric is the same as the ten-
sionless case, the Hawking spectrum of brane-localized
fields does not depend on the tension (for fixed rh).
2
The emission of brane scalar fields has been studied in
Refs. [10, 11, 13, 21, 22] for rotating black holes in vari-
ous dimensions, and the brane-to-bulk ratio of the energy
emission rates has been discussed in [25], implying that
the dominant channels are the brane-localized modes.
Since the finite brane tension further suppresses the bulk
field contributions, it is likely that brane-localized scalar
emission dominates bulk emission also in the present
case. Although bulk modes will not be observed directly,
bulk emission is still important because it indirectly de-
termines the amount of energy and angular momentum
left for brane-localized emission.
V. CONCLUDING REMARKS
The black hole production in TeV scale gravity offers
us a possible window to explore the presence of extra di-
mensions. In this paper we have studied Hawking emis-
sion of scalar fields into the bulk from a rotating black
hole localized on a codimension-2 brane. The exact so-
lution we used is a rare example in which we can treat
self-gravity of the brane consistently in the context of
brane-localized black holes [39]. This simple model en-
ables us to elucidate how the brane tension modifies the
Hawking spectra relative to the tensionless case.
Assuming the separable ansatz for the scalar field, we
have determined the angular eigenvalue in the series ex-
pansion form: η = η˜0 + η˜2(aω)
2 + · · · . This analytic
2 Although this statement is true in the present model, it is not
clear whether or not the induced metric is independent of the
brane tension in more realistic situations with compact extra
dimensions.
7approximation (truncated at 7th order) was turned out
to be in excellent agreement with the numerical result
in the regime aω . 6. Using the analytic form of η,
we then integrated the radial equation numerically and
computed the power and angular momentum emission
spectra. Our finding is that the finite brane tension sup-
presses the power and angular momentum spectra. We
also showed that the power emission rates are reduced at
low frequencies and enhanced at high frequencies as the
rotation parameter a∗ increases. The suppression at low
frequencies is due to the smaller Hawking temperature
and the enhancement at high frequencies is caused by su-
perradiance. The angular momentum emission rates are
enhanced over the whole frequency range as a∗ increases
due to superradiance. The spectra and the amounts of
energy and angular momentum radiated away into the
bulk are thus determined by the interplay of these ef-
fects. To conclude, the brane tension plays an important
role in the evaporation process in the life of a mini black
hole.
It is possible to obtain an analytic but approximate
solution to the radial equation, as has been done re-
cently in [25] and is replicated in Appendix. The range
of validity of this analytic approximation is restricted to
ω∗ ≪ 1 and a∗ ≪ 1. Therefore, even in the tensionless
case (B = 1) our result is new, in that we have extended
the range of validity of [25] by invoking the numerical ap-
proach. We however exploited the analytic expression for
η to simplify numerical calculations. The eigenvalues η
obtained here by the continued fraction method are quite
accurate even for a∗ω∗ ∼ 6, which allows us to compute
the spectra for ω∗ & 1 and a∗ & 1. In order to explore
the full regime extending to aω & O(10), we need to solve
both the radial and angular equations numerically, which
is left to further investigation.
In this paper we considered only the emission of scalar
fields. It would be interesting to study the bulk emission
of higher spin fields and determine the brane-to-bulk ra-
tio of the energy and angular momentum emission rates.
Recently, it has been reported that for fermion fields the
bulk emission dominates the brane-localized emission in a
six- or higher dimensional Schwarzschild background [27].
Therefore, investigating the effects of the finite brane ten-
sion [43] and the black hole rotation on the fermion emis-
sion would be of particular interest. Another open issue
is to clarify the spin-down evolution of the rotating black
hole and the effect of brane tension on it. This process
can be studied along the line of [44, 45]. We plan to re-
turn to this issue in the near future. Finally, it is fair to
say that all of the results in this paper have been derived
ignoring the compactification mechanism, which may af-
fect both brane and bulk emissions. This point is worth
exploring, though constructing brane-localized black hole
solutions in compact space will be quite difficult.
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APPENDIX A: ANALYTIC APPROXIMATION
METHOD FOR ω∗ ≪ 1 AND a∗ ≪ 1
In this appendix we present an approximation method
to obtain an analytic expression for the absorption prob-
ability. Our result here simply generalizes that of [25]
to include the deficit angle (see also [13]). The proce-
dure is as follows: first we obtain the asymptotic solu-
tions in the far-field and near-horizon regions, and then
match the two solutions in the intermediate zone. The
approximation is valid in the low-energy (ω∗ ≪ 1) and
slow-rotation (a∗ ≪ 1) regime. We check that in this
range the analytic result agrees with the numerical one
displayed in the main text.
Let us first focus on the near-horizon zone (r ≃ rh). It
is convenient to work with a new radial variable defined
by
ξ :=
∆
r2 + a2
, (A1)
for which we have
dξ
dr
=
(1− ξ)rA(r)
r2 + a2
(A2)
with A(r) := 3 + a2/r2. Now the horizon is located at
ξ = 0, while the asymptotic infinity corresponds to ξ = 1.
Near the horizon, the radial equation (9) reduces to
ξ(1− ξ)d
2R
dξ2
+ (1− γξ)dR
dξ
+
[
K2∗
ξ(1− ξ)A2∗
− Λ∗(1 + a
2
∗)
(1 − ξ)A2∗
]
R = 0, (A3)
where
A2∗ := 3 + a
2
∗, K∗ := (1 + a
2
∗)ω∗ − a∗m,
γ := 1− 4a2∗/A2∗, Λ∗ := λ+ ν(ν + 1)a2∗.
Performing the transformation R = ξα(1− ξ)βF (ξ) with
α = −iK∗
A∗
, (A4)
β = 1− γ
2
−
√(
1− γ
2
)2
− K
2
∗ − Λ∗(1 + a2∗)
A2∗
, (A5)
we obtain a hypergeometric differential equation
ξ(1 − ξ)d
2F
dξ2
+
[
c˜− (1 + a˜+ b˜)ξ
] dF
dξ
− a˜b˜F = 0, (A6)
8FIG. 7: Absorption probabilities computed analytically and
numerically. Solid lines follow from the analytic approxima-
tion, while dashed lines denote our numerical result.
where a˜ := α + β + γ − 1, b˜ := α + β, and c˜ = 1 + 2α.
Thus, the near-horizon solution is given in terms of the
hypergeometric function by
R =A−ξ
α(1− ξ)βF (a˜, b˜, c˜; ξ) (A7)
+A+ξ
−α(1 − ξ)βF (a˜− c˜+ 1, b˜− c˜+ 1, 2− c˜; ξ),
where A± are integration constants. In the limit r → rh
(ξ → 0) we have
R ≃ A−ξα +A+ξα = A−e−iky +A+eiky , (A8)
where y is defined earlier in the main text. Since we are
imposing the boundary condition such that no outgoing
wave is present at the horizon, we set A+ = 0. Thus we
arrive at
RNH = A−ξ
α(1− ξ)βF (a˜, b˜, c˜; ξ) at r ≃ rh. (A9)
One can check that the convergence condition for the
hypergeometric function, Re[c˜ − a˜ − b˜] > 0, is indeed
satisfied.
Now we extend the solution (A9) to go beyond the
near-horizon zone. Using the formula
F (a˜, b˜, c˜; ξ) =
Γ(c˜)Γ(c˜− a˜− b˜)
Γ(c˜− a˜)Γ(c˜− b˜)
×F (a˜, b˜, a˜+ b˜− c˜+ 1; 1− ξ)
+(1− ξ)c˜−a˜−b˜Γ(c˜)Γ(a˜+ b˜− c˜)
Γ(a˜)Γ(b˜)
×F (c˜− a˜, c˜− b˜, c˜− a˜− b˜+ 1; 1− ξ),
and taking the limit r →∞ (ξ → 1) we obtain
RNH ≃ A1r−3β +A2r−3(2−γ−β), (A10)
where
A1 := A−(1 + a
2
∗)
βr3βh
Γ(c˜)Γ(c˜− a˜− b˜)
Γ(c˜− a˜)Γ(c˜− b˜) ,
A2 := A−(1 + a
2
∗)
2−γ−βr
3(2−γ−β)
h
Γ(c˜)Γ(a˜+ b˜− c˜)
Γ(a˜)Γ(b˜)
.
(A11)
The expression (A10) should be matched to the far-field
solution which will be derived below.
Let us go on to the far-field solution. In the far-field
zone (r ≫ rh) the radial equation (9) reduces to
d2R
dr2
+
4
r
dR
dr
+
(
ω2 − η
r2
)
R = 0. (A12)
The solution is given by
RFF = B1
Jτ (ωr)
r3/2
+B2
Yτ (ωr)
r3/2
, (A13)
where Jτ (Yτ ) is the Bessel function of the first (second)
kind, τ :=
√
η + 9/4, and B1,2 are the integration con-
stants. This solution is in turn to be extended to the
near-horizon zone. Taking the limit ωr ≪ 1 we get
RFF ≃ B1
r3/2Γ(τ + 1)
(ωr
2
)τ
− B2Γ(τ)
r3/2π
(ωr
2
)−τ
.(A14)
The two solutions (A10) and (A14) appear to have
different powers in r, but by taking the low-energy (ω∗ ≪
1) and slow-rotation (a∗ ≪ 1) limit we are able to match
them. Neglecting terms of order ω2∗, a
2
∗, and a∗ω∗, we
have A∗ ≃ 3, γ ≃ 1, and β ≃ −(ℓ + bn)/3, leading to
−3β ≃ ℓ + bn and −3(2 − γ − β) ≃ −(ℓ + bn + 3) in
Eq. (A10), where we used η = (ℓ + bn)(ℓ + bn + 3) +
O(a2∗ω2∗). As for Eq. (A14), we have τ − 3/2 ≃ ℓ + bn
and −(τ + 3/2) ≃ −(ℓ + bn + 3). Thus in this limit we
achieve exact matching.
The absorption probability can be expressed in terms
of the ratio of the coefficients Br := B1/B2. One finds
Br =− 1
π
[
ω∗(1 + a
2
∗)
1/3
2
]−(2ℓ+2bn+3)
× τΓ
2(τ)Γ(a˜)Γ(b˜)Γ(c˜− a˜− b˜)
Γ(c˜− a˜)Γ(c˜− b˜)Γ(a˜+ b˜− c˜) . (A15)
In the limit r →∞ the solution (A13) can be written as
RFF ≃ A(∞)in
e−iωr
r2
+A
(∞)
out
eiωr
r2
, (A16)
where
A
(∞)
in = (B1 + iB2)
ei(τπ/2+π/4)√
2πω
(A17)
A
(∞)
out = (B1 − iB2)
e−i(τπ/2+π/4)√
2πω
. (A18)
The absorption probability is given by |A|2 = 1 −
|A(∞)out /A(∞)in |2. In the low energy limit (ω∗ ≪ 1) we have
BrB
∗
r ≫ (Br −B∗r )/i≫ 1. Hence,
|A|2 ≃ 2i
(
1
Br
− 1
B∗r
)
. (A19)
Substituting (A15) to (A19) results in a lengthy expres-
sion, but when m is not large we may expand the equa-
tion with respect to α (≪ 1) in the low-energy and slow-
rotation regime. Then, at leading order in α = −iK∗/A∗,
one finds
9|A|2 = 4πK∗
A∗
Γ2(2β + γ − 2)Γ2(1− β)(2 − 2β − γ) sin2[π(2β + γ)]
(ℓ + bn + 3/2)Γ2(ℓ+ bn + 3/2)Γ2(β + γ − 1) sin2[π(β + γ)]
[
ω∗(1 + a
2
∗)
1/3
2
]2ℓ+2bn+3
. (A20)
In Fig. 7 we compare this analytic result with our nu-
merical calculation employed in the main text. It can
be seen that the numerical result indeed agrees with the
analytic one in the low-energy and slow-rotation regime.
Since all the terms except K∗ on the right hand side of
Eq. (A20) are positive, the sign of |A|2 is controlled by
K∗ = (1+a
2
∗)ω∗−a∗m = rh(1+a2∗)(ω−mΩh). Therefore,
the absorption probability is negative for superradiant
modes (0 < ω < mΩh).
In the low energy regime the j = ℓ = m = n = 0 mode
will be dominant, for which the absorption probability is
given by
|A0000|2 = 4ω
4
∗(1 + a
2
∗)
2
3(3 + a2∗)(2− γ)
+ · · · . (A21)
This does not depend on the deficit angle.
To obtain the expression for the absorption cross
section we extract the ingoing s-wave from the plane
wave [50, 51]:
eiωz → K
(A4B)1/2r2
e−iωr + (higher multipole moments),
(A22)
where the square root in the denominator is the normal-
ization factor. In order to determine K, one integrates
both sides of Eq. (A22) over the 4-sphere with a deficit
angle, and then, looking at the far region ωr ≫ 1, ex-
tracts only the ingoing modes. Thus, we arrive at
|K|2 = 2
4(A3)
2Γ2(2)B
4ω4A4
=
6π2B
ω4
, (A23)
leading to the low energy absorption cross section
σ0 = |A|2|K|2
=
[
8π2
3
r2h(r
2
h + a
2)B
]
(1 + a2∗)
(1 + a2∗/3)(2− γ)
+ · · · .
(A24)
In the static limit we have σ0 = (horizon area), which re-
produces the general result for the spherically symmetric
case [50].
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